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Thm (Wey ()
.

Let 8 be an irrational number. Then the sequence

(nos)
is equidistributed in 50

, 1)
.

Recall that a sequence (xnine <[0, 1) is said to be

equidistributed in [0 , 1) if

lim * # 1 <<N : Xue (a i b)) = b

for all (a , b) t [0, 1) .

More generally
,
Wey) proved the following result :

Thm (Weyl's criterion) Let (xnIn be a sequence
with Xnc [0, 1). Then (xnInE is equidistributed
in [0, 1) if and only if

N

im e
2π1k <n

= 0 for all &+ /50b.



& 4. 4 A continuous but nowhere differentiable

function on 1
.

In 1861
,
Riemann conjectured that

Rin= Sinke
2n

iscts but nowhere differentiable onLR
.

In 1916
, Hardy proved that

R(x) is not diff if is irrational
.

In 1969 ,
Gorver proved that

R(x) is diff *** Where

P,
& are Odd

integers

In 1832 ,
Weierstrass constructed the first

example of its but nowhere differentiable function .



f(x = b "cos(a"x)
where a I is an integer

,
0 > b>

such that ab > 1 + 3
.

Remark : Nowadays it is known that the conditions can be

weaken to :9< 1
,

osb1 with ab > 1

.

Here we proved a special version of Weierstrass'
result.

Thm 1
.

Let osd < 1 . Define

f(x=
-P2

.
it i

,
X -> R

.

Then fa iscts but nowhere diff on 1
.

(notice that Frm)-0 <) m = 2"for some integer n <



Idea : Let 8 -> R(E+
, +1) Ji . e . g is integrable

on E H
, π1)

.

We consider the so-called delayed mean of 9
,

An(g)(x) = 2 . G2N(8)(x) - 5x(g)(x)
,

where

WN(8)(=I N

> - H1)5(n) ein

& N-th Cesaro Mean of g)

By a direct calculation
,

An(g)(x) = 282n(g)(x) - 5x(g)(x)

= 2 .
I St (n e

inx

In/< IN

- I (1 -# /G(n) pinx
In/ <P

= I The e + pps>2)
-In x

2



Let us consider ANSfa)!

90 Observe that if N = 2
M

then

An(fa((x) = SN/fa)()
-nd i2"x

=> 2 e.
· Moreover if N = 2

"
then

*zN(fa) (x) - An(fa)(x)

= Itndizx -nia

-

- (m+ 1) 2
- 2 2

i 2 m



Prop 3. Let gfR)EN , M1)
· Suppose & is

differentiable at 10.
Then

15N (9)"(x0)/ -> C · logN
,

where C is a constant.

We first use Prop 3 to prove Thm1

Proof of Thm1 : Suppose on the contrary that

fa is diff at one point Xo.

Then

* Sfa)"(x) = 2 82x(fa)'(xo) - GN(fa)'(Xo)

1Ax(fal'<xo)) > 2/52x(fa)'(xo)) + /5 x (fa)'(oil

* 3 . C. log(IN) + C . logN

↳ Jlog.



Taking N = M.

Azx(fa)() - Anfa(x) =

(m+12
. e

i2m

Then

Azn(fa)"(xo) -Apfa"(xo) = ↑2(m+1)(12)
.

i2m+

Hence

KzN(fa)"(xo) - Anfa"(xolk2(m+ K >1- d)
.
(**)

.

However by (* )
,

1 02N(fa)(xo)/ < J log(2N) = 5 . (m+ )

1 UN (f2)(xo) / -
> Y · log (N) = J · m

Hence

1AzN(fa)'(Xo) - Anfa"(xo)) < 23m + 3
.

It leads to a contradiction with **)
. **



In the end we prove Prop 3.

Lemma 4.

Let FN(x = Enkx S1-H) pink

= Sinasts
ThenE a constant Aso such that

IFN<x)/ < AN2
,
IFN() (***)

for all <e [- +
,
+I

.

Proof .

FN(x) =
& Si-H zix
n =-N

Eric= S-M) in pinx

Hence
/ FN(x1/ ->2 xS1-H(M

↓ (N+1) Al & 4N2



To see the other upper bound , notice

FACX) = in x .

So

FNE = ExCos(*x X) · CosSE
N sin(= )

Here

IFN(x) #in(x))
. (sin(x)/(cos(E

N/sin3(2)

-> + C Susing /sinal
-(2))

A .* Jusing , singl I consto

on E
, 1)



Prop 3. Let gfR)EN , M1)
· Suppose & is

differentiable at 10.
Then

15N (9)"(x0)/ -> C · logN
,

where C is a constant.

Pf. Notice that

5N(8)(x) = [! G(y) Ex(x-y)dy.
Taking derivative atXo gives

5N(g)"(xo) = [I9(3) . FN(x-3) dy

) because Ex is

smooth (

=S" g(xo- y) FN(y) dy .

Notice that St FN(3)dy = 0 (since Ex is

2π Periodic)
.

As a consequence

5x(q)'<xx) = It St (g(xo - 3) - g(x o) FNcy)dy



Then

15N<95<xo)) If S 19(X0-3) - g(xos) /FN(3)) by

< < . /31 % /FN(3)/dy

(since q is diff at Xo,
,

so

So-y)-9(x0) is unif Edd on EH
,T

Now

SY 131/FN(y)/d

= S + S(y)/ FNC3)(dy

But

19K * Ykπ

S13K
+

131 (FN(y)(dy >) · AN . dy

1/4
= 2 A

.



S 1311FN(3)Idy <> Stcly13 .
, dy

islyKπ

= S
# < 1yk+

dy

= 2 A . log1b1/
#

-

= 2 A(logN + (yπ)

Hence

S" 131 (FN(3)(d2 -> & (logN).

So

15n (9)'(xo)/ = ↑ logN .

It


